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1. Introduction 



Over the past six years, a new formalism combining the nice features of Ramond- 
Neveu-Schwarz and Green-Schwarz approaches to quantization of the superstring [1] has 
been developed. The formalism is called the pure spinor formalism as it involves twistor- 
like variables which take values in the space V of pure spinors in ten dimensions. 

More precisely, the pure spinor formalism involves a geometric sigma model describing 
the maps of the worldsheet S to ten-dimensional super-Minkowski space, together with a 
somewhat unconventional curved P^-system which describes the maps of E to the space V. 
In the minimal pure spinor formalism, only the worldsheet fields A" which are holomorphic 
coordinates on V are used. 

Although one can compute scattering amplitudes using the minimal pure spinor for- 
malism, the absence of a composite b ghost in the minimal formalism makes the amplitude 
prescription non-conventional. In the approach of [2] , picture-changing operators are used 
to construct a picture-raised version of the b ghost. Unfortunately, these picture-changing 
operators are only Lorentz-invariant up to BRST-trivial terms, so manifest Lorentz covari- 
ance is broken at intermediate stages in the computation. 

A more elegant approach [3] uses the so-called &ch cohomology language, where the 
b ghost is viewed as a collection of Cech cochains of various degrees, from zero to three, on 
the space of pure spinors: 

b = (ba) + {ba/s) + (W7) + (^7-5) • (1-1) 
Here a etc. label the coordinate patches Ua on the space of pure spinors: 

V = [JaUa (1.2) 

and one can choose the coordinate patches to be in one-to-one correspondence with the 
components of an unconstrained spinor, i.e. a = 1, . . . , 16. On the coordinate patch Ua, 
the component A" of the pure spinor is not allowed to vanish. 

In this approach, manifest Lorentz invariance is broken by working with &ch cochains 
which are defined on the (intersections of) coordinate patches, in our case on the space V of 
pure spinors. Although the space of pure spinors is a homogeneous space of the (euclidean 
version of the) Lorentz group, a particular coordinate patch is not. So, it is aesthetically 
more appropriate to work in a formalism where the choices of coordinates on V are not 
necessary. 
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A well-known alternative to the 6ecli language in algebraic geometry is Dolbeault 
language where instead of the locally defined holomorphic objects, one deals with the 
globally defined non-holomorphic ones. In the context of two dimensional sigma models, 
the Dolbeault version is formulated by including the anti-holomorphic coordinates Aq on 
V and the fermionic coordinates r^, = dAa. In principle, there are two options - one can 
treat these new coordinates as fields of the same worldsheet chirality as A", as will be 
done in this paper following [4] , or as fields of the opposite worldsheet chirality, as is more 
natural in the context of (0,2) models [5]. 

After including the non- minimal worldsheet fields {Xaifa)-, it was shown in [4] how 
to construct a composite h ghost and compute superstring scattering amplitudes as in 
topological string theory without picture-changing insertions. The only subtletly in this 
non-minimal prescription is that the composite h ghost contains factors of {X°^\a)~^- When 
functionally integrating over A" and Aq. in the scattering amplitude, these (A^Aq,)"-'^ factors 
can cause a problem coming from the functional integration region where all components 
of A" are zero. In [4], it was shown that this problem can be avoided for amplitude 
computations up to two loops, but it was not shown how to resolve this problem for 
computations with more than two loops. 

In this paper, it will be shown how to resolve this problem for arbitrary multiloop 
amplitudes by constructing a regularized version of the h ghost, 6g, which is non-singular 
when (A"Aq;) 0. The regularized h ghost will be defined as 

he = e-^("'«^"+-)6 (1.3) 

where e is a positive constant, Wa and are the conjugate momenta to A" and A^, and 
... is chosen such that {waw'^ + ■■■) is well-defined, i.e. gauge invariant, and BRST-trivial. 

This regularization procedure can be viewed as an analogue of turning on a metric 
perturbation in the (0, 2) model. Indeed, Waw'^ acts essentially as the Laplacian on func- 
tions of pure spinors. If w'^ and Wa were fields of opposite worldsheet chirality, the term 
Waw'^ would serve as an inverse metric perturbation of a curved beta-gamma system: 

+ '^jd^ + a'g^'^^j (1.4) 

which preserves conformal invariance for special metrics that are Ricci-flat (in the first 
order approximation) [6] . In our case where the fields Wa and w'^ have the same chirality, 
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perturbations like (1.4) would break conformal invariance. Nevertheless, both in the con- 
text of (0, 2) models and in our case, perturbations like (1.4) can be made Q-exact. Thus, 
conformal invariance would be preserved at the level of Q-cohomology. 

Also, let us mention the role of metric perturbations (1.4) in the context of conven- 
tional topological strings obtained by twisting (2, 2) supersymmetric sigma models. In 
particular, for the A twist one obtains the theory with the Lagrangian [7] : 

^^7^ + ^jdf + h,^c' + h^d^' (1.5) 

that ensures that the path integral localizes onto the space of holomorphic maps of the 
worldsheet into the complex target space, which has an infinite radius metric in this de- 
scription. This theory is well-defined (for compact targets) on genus zero, but for higher 
genera ( in the trivial instanton sector) the zero modes of the (3, /5, 6, h fields need regular- 
ization. One can turn on the deformation to finite radius by adding the term: 

"'{Q- + 6^A)} = a (^g'^PiPj + fermions) (1.6) 

which, upon proper treatment of the coupling to worldsheet topological gravity, induces 
the celebrated [8] c (H^ (8) T^)) measure on the moduli space of Riemann surfaces of genus 

9- 

Since (1.3) will be defined such that = b + {Q,Qe} for some fig, BRST-invariant 
amplitudes are unaffected by the replacement of b with b^ in the amplitude prescription of 
[4]. Using the regularized b ghost, the multiloop amplitude prescription in the non-minimal 
pure spinor formalism is therefore given by 

A = lim J d^^-^T (j[J dZrUriZr) J[ J (//.6,) Af^ (1.7) 

where J d^^~^T{Y[^^i I dzrUr{zr) Y[^s=i^ I if^sb)) is the usual prescription of bosonic string 
theory, J\f is the zero mode normalization factor defined in [4] which regularizes the func- 
tional integral over the zero modes, and the right-moving contribution to A is being ignored. 
Since BRST invariance implies that (1.7) is independent of the parameter e, one can take 
the limit e ^ at the end of the computation. 

The choice of the e-regularization is not unique. In the present paper we give one such 
choice, in order to demonstrate that a completely regular expression for the amplitudes 
exists. Although our construction can be motivated by the considerations of (1.6), there 
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may well exist a much simpler regularization. At present, for generic multiloop superstring 
amplitude computations, it is still difficult to evaluate the limit e — > of (1.7) since our 
expression for be is rather complicated. 

However, for certain special amplitudes in which not all 6°^ zero modes are absorbed 
by the external vertex operators, the e-regularization of the b ghost is unnecessary, and 
it is easy to take the limit e of (1.7). These special amplitudes can contribute to 
ten-dimensional F-terms in the effective action, i.e. terms in which the superspace action 
involves integration over fewer than 16 ^'s for N=l D=10, or fewer than 32 ^'s for N=2 
D=10. 

It is interesting that topological string methods are also useful for computing F-tcrms 
in the four-dimensional effective action coming from Calabi-Yau compactification [9] [8], [10]. 
In [4] , it was shown that these lower dimensional F-term computations can be reproduced 
using a compactified four-dimensional version of the pure spinor formalism. 

The paper is organized as follows. In section 2, the non-minimal pure spinor formalism 
will be reviewed. In section 3, the regularized b ghost will be constructed using the heat 
kernel method. In section 4, the multiloop amplitude prescription will be defined using the 
regularized b ghost be, and it will be shown that this prescription simplifies for amplitudes 
which contribute to ten-dimensional F-terms. 
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2. Review of Non-Minimal Formalism 

2.1. Minimal formalism 

The minimal pure spinor formalism for the superstring is constructed using the 
(a;™', d'^) variables of d = 10 superspace where m = to 9 and a = 1 to 16, together 
with the fermionic conjugate momenta pa- Furthermore, one introduces a bosonic spinor 
ghost A" which satisfies the pure spinor constraint 

A«7r/?A^ = (2.1) 

where 7^ are the symmetric 16 x 16 (i = 10 Pauli matrices. Because of the pure spinor 
constraint on A", its conjugate momentum Wa is defined up to the gauge transformation 

Sw^ = A^i^mX)a, (2.2) 

which implies that Wa only appears through its Lorentz current A^rnn; ghost current J, and 
stress tensor Tx- These gauge-invariant currents are defined by 

Nmn=lw^mn\ J = W^X"" , Tx = W^dX'. (2.3) 

The worldsheet action for the left-moving matter and ghost variables is 

S = J (fz (^^dx'^dxm + PadO'' - WadX°'^ , (2.4) 

and the right-moving variables will be ignored throughout this paper. For the Type II 
superstring, the right-moving variables are similar to the left-moving variables, while for 
the heterotic superstring, the right-moving variables are the same as in the RNS heterotic 
formalism. 

Physical open string states in the minimal pure spinor formalism are defined as ghost- 
number one states in the cohomology of the nilpotent BRST operator 

Q = J dz X'^da (2.5) 

where 

da=Pa- llafi^'^dXra - Ilaf3lmys0^ O'' dO' (2.6) 

is the super symmetric Green-Schwarz constraint. 

Although one can compute scattering amplitudes using the minimal formalism, the 
lack of a composite b ghost satisfying {Q,b} = T makes the amplitude prescription uncon- 
ventional. It is easy to see that the minimal formalism does not contain such a composite 
b ghost since the gauge-invariant combinations of in (2.3) all carry zero ghost number, 
so there are no gauge-invariant operators of negative ghost number. 
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2.2. Non- minimal worldsheet variables 

As shown in [4] , this difficulty can be resolved by adding non-minimal variables to the 
formalism which allow the construction of a composite b ghost. The new non-minimal vari- 
ables consist of a bosonic pure spinor Aq, and a constrained fermionic spinor ra satisfying 
the constraints 

Aa7m% = and A«7;^% = 0. (2.7) 

In d=10 Euclidean space where complex conjugation flips the chirality of spacetime spinors, 
Aq; can be interpreted as the complex conjugate to A'*. The worldsheet action for the non- 
minimal pure spinor formalism is 

J (fz {^dx'^dxm + Pade'' - Wo^X" - WdXa + s'^dr^^ (2.8) 

where w°' and 8°^ are the conjugate momenta for Aq, and with conformal weight. 
Just as Wa can only appear in the gauge-invariant combinations 

Nmn=l{w^mnX), J = WaX"" , Tx = WadX"" , (2.9) 

the variables w'^ and 8°^ can only appear in the combinations 

Nmn = ^{w-fmnX - S^rnnT), J = w'^K - s'^Ta, Tj = w"dXa - 8'^dra, (2.10) 

^mn — '^^^mnXi S — 8 Aq, 

which are invariant under the gauge transformations 

5w«=r"(7^A)«-0-(7^r)«, 58^ = cr{lmXr (2.11) 

for arbitrary A™ and (j/^ . 

In order that the non-minimal variables do not affect the cohomology, the "minimal" 
pure spinor BRST operator Q = J dz X'^da will be modified to the "non-minimal" BRST 
operator 

Qnonmin = J dz {X'^da + w'^Va) ■ (2.12) 

The new term J dzw°'ro, is invariant under the gauge transformation of (2.11) and implies 
through the usual quartet argument that the cohomology is independent of (Aq.,I(J^) and 
(rQ,s«). 
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The ghost-number operator in the non-minimal formahsm is naturally defined as 

J dziX^Wc^-Kw'^) (2.13) 

so that A" carries ghost- number and Aq, carries ghost- number —1. The corresponding 
ghost-number anomaly was computed in [4] to be -|-3, so the non-minimal formalism can 
be treated as a critical topological string theory. 

A simple way to understand the value -|-3 of the ghost number anomaly is to look at 
the way the measure for the non-minimal fields is defined. The issue is the zero modes. 
On a genus g Riemann surface, the field Wa has ll^r zero modes, A'* has 11 zero modes, 
and similarly for tu'*, Aq-, 8°^ and Tq.. The measure on tu, A zero modes is defined using the 
holomorphic top form VL on the space V of pure spinors: 

Vw^VX^ ~ , Q = = A^dA+ A d^^Uah (2.14) 

where we used the local parameterization of the pure spinor in the form: 

The form Q, has weight -|-8 under the symmetry generated by (2.13). So, the measure 
factor 0^~^ has charge 8(1 — g) on the genus g surface. At the same time, the measure 
on A, r fields is defined canonically, as the fermions r are in the antiholomorphic tangent 
bundle to V. The zero modes of A, r and the corresponding momenta bring a factor 

where 

n = d"Ad"r 



has charge —11 under (2.13). Thus, the total anomalous charge is -\-2>{g — 1) on the genus 
g Riemann surface, as claimed. 
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2.3. ^ch and Dolbeault 

The addition of non-minimal variables and the construction of Qnonmin can be under- 
stood as standard techniques which are used in relating &ch and Dolbeault cochains. To 
describe &ch cochains, first express the space of pure spinors V as the union of coordinate 
patches Ua for a = 1 to 16 where the component A" of the pure spinor is required to 
be non- vanishing on U^- The analysis of anomalies of the curved /37-system on the pure 
spinor space implies that the point A = is not in V [11], thus one can always find a such 
that a given point \ eV belongs to the coordinate patch Wq,. So V = VJcMa- 

The &ch fc-cochain is an object V'aoai which is holomorphic on the intersection 

= Uc,,nv(^,n...nUa, (2.15) 

and which obeys 

(^'0)aoai---ate = ^aia2---«fe '4^aoa2---oik ( 1) '*Pa(,a\...ak-i ~ • (2-16) 

The standard way to relate &ch and Dolbeault cochains is to use the so-called partition 
of unity (cf. [5]). In the case of the space of pure spinors it can be taken to be: 

p« = TirAaA" (2.17) 

{AX) 

where the functions pa vanish outside the corresponding domains Wq, and they sum to 
unity 

16 

a=l 

Note that (AA) denotes Ylip'=i ^i3^^ ^ind repeated indices are not assumed to be summed 
over in this subsection. 

Now, given a &ch cochain satisfying (2.16), one can define the corresponding Dol- 
beault cocycle, i.e. a 9-closed differential form of type {0,p — 1): 

V'=4 ^ V'ai...apPai5pa2 A... Aap«p- (2.18) 
^' ai,...,ap 

An important generalization of this well-known construction consists of replacing the func- 
tion valued cochains (^...) by cochains which take values in some (super)commutative al- 
gebra, of even complex, and by replacing the operator d by the general operator d + Q 
where Q is the differential in this complex. The resulting globally defined form ip obeys 

(a + Q)^=0 
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iff the &ch cochain verifies 

{S + Q)il; = 0. 

To compare with the non-minimal formalism described in the previous subsection, define 

16 „ 16 „ 

Q = ^ dzX'^da and 5 - ^ / c/;^ wJ"r« (2.19) 

so that Qnonmini^ — {9 + Q)ip- Using this definition, one finds in (2.18) that 

^ {XX)r^-{rX)K (2.20) 

2.4. Construction of 6 ghost 

Although there is no globally defined operator in the minimal formalism satisfying 
{Q, 6} = T, a 6 ghost can be constructed in the non-minimal formalism using the operators 
[G"", H^'^^\ K^'^l^'^\ Lt"^^'']] which carry zero ghost-number and satisfy [4] [2] [12] 

{Q, G"} = A"T, [Q, = aI^g^], {g, ^["^^1} = Ai^iy^^i, (2.21) 

As discussed in [3], this construction can be naturally understood in (^fech language 
by defining 

h = {ha) + {hap) + (^0^7) + (2.22) 
where [(6a) , (^'a/j) , {ba/3-y) , (bap-ys)] are &ch cochains of degree zero to three defined by 

Qa j^["/57] J^[af3-f5] 

It is not difficult to show that (2.21) implies that {Q + 5,b} = T. Using the methods of 
the previous subsection, the corresponding globally defined Dolbeault form is therefore 

(AA) (AA)2 (AA)3 (AA)4 ' ^ ■ ^ 

which satisfies {Qnonmin, b} = T. 

Finally, to construct a bnonmin ghost satisfying {Qnonmin, bnonmin} = Tnonmin where 
Tnonmin = T + w°'dXa - s^dr^, one defines 6„onmin = b + s'^dXa- Plugging in the explicit 
form of the operators [G", H^"^\ j^laiSj]^ j;^[<xp^6^^ f^^^^g ^^lat [4] 

'^nonmin — ^ OA(x + 4(AA) ^■^■■^i>) 
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192(AA)2 16(AA)3 128(AA)4 

Note that throughout the rest of this paper, the subscript nonmin will be dropped 
from bnonmin and Q nonmin- Instead, we shall sometimes use the subscript min, in order 
to stress the use of the minimal formalism. 

2.5. Amplitude prescription 

Using the composite b ghost defined in (2.25), the naive topological prescription for 
A'"-point ^f-loop amplitudes is 

„ /3g-3 N \ 

A= d^^-^rl Y[{ dwjiij{wj)b{wj))Y[ dzrU{zr)) (2.26) 

where Tj are the complex TeichmuUer parameters, are the associated Beltrami differen- 
tials, J dzU {z) are the BRST-in variant integrated vertex operators which can be assumed 
to be independent of the non-minimal fields, ( ) denotes functional integration over the 
worldsheet fields, and the right-moving contribution to A is being ignored. Since the 
ghost-number anomaly of the non- minimal formalism is +3, this topological prescription 
is reasonable. However, as explained in [4], there are two subtleties with this amplitude 
prescription which are associated with the functional integration over the pure spinors. 

The first subtlety is that the bosonic ghosts (A'*, Aq,) have 22 non-compact zero modes, 
and integration over these zero modes produces infinities when A ^ oo. Similarly, the 
conjugate momenta (wq,,I(J") have 22^ non-compact zero modes on a genus g surface 
which also produce infinities when — > oo. Fortunately, these infinities are cancelled by 
zeros coming from integration over the zero modes of the fermionic variables (^", Tq,) and 
their conjugate momenta (pq,, s"). 

The 0/0 factors coming from integration over the bosonic and fermionic zero modes 
can be regularized by inserting an operator M = e^^'^^ into the integral over the zero 
modes. Since Af = 1 + {Q, 0} for some O, the choice of x does not affect BRST-invariant 
expressions. A convenient choice for x is [4] 

X = -A«r - XI(^iV4„5--^ + J'S') (2.27) 

7=1 

where [N^^, J-^ , S^^, S^] are the zero modes of [NmrnJ^SmmS] of (2.9) and (2.10) ob- 
tained by integrating these currents around the a-cycle, e.g. Aj^n = §ai d^^rnn{z)- 
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With this choice, 
A^ = exp(-A«A«-rar-)_J 
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1=1 



(2.28) 

which imposes an exponential cutoff for the non-compact bosonic zero modes. Although 
jV is not manifestly invariant under spacetime supersymmetry transformations or under 
modular transformations of the genus g worldsheet, it is easy to show that it changes by 
BRST-trivial quantities under these transformations. Since jV only involves worldsheet 
zero modes, these BRST-trivial quantities are harmless and cannot produce surface terms 
in the integral over the TeichmuUer moduli. Note that the regulator J\f is somewhat similar 
to the projection form used in topological gauge theory to fix the fermionic gauge invariance 
(see, e.g. [13]). 

The second subtlety with (2.26) is more difficult to resolve and comes from the sin- 
gularities in the b ghost of (2.25) when (AA) — > 0. Since the measure factor for the pure 
spmors converges like (AA)ii when (AA) ^ 0, these singularities are dangerous if they 
combine to diverge as fast as (AA)"^^. Since each b ghost can diverge like (AA)~^, there 
are potential problems with the amplitude prescription when there are more than three b 
ghosts, i.e. when g > 2. 

As explained in [4] , this second subtlety is related to the existence of the operator 

e = , = m y iziS^ (2.29) 

Xnp+r^e/^ (AA)" ^ ^ 

which satisfies {Q,^ = 1 and diverges like (AA)~^^. Since QV = implies that Qi^V) — 
V, the existence of the operator ^ naively implies that the ERST cohomology is trivial. 
So if operators which diverge as (AA)~^^ are allowed in the Hilbert space, the BRST 
cohomology becomes trivial and one should expect to encounter problems in correlation 
functions and scattering amplitudes. 

It is instructive to give the &ch picture of the ^-operator. It is given by the inhomo- 
geneous cochain: 



/0^0p\ fe^...e 



)16 



which obeys: 



^=(f Ma^ ^-nA^j ^'-''^ 



5^ + QmU=l- (2.31) 
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In the following section, this second subtlety will be resolved by constructing a regularized 
version of the b ghost which is non-singular when (AA) — > 0. After replacing the b ghost 
with its regularized version, it will be possible to use the prescription of (2.26) to compute 
arbitrary multiloop amplitudes. 
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3. Regularization of b Ghost 

3.1. Regularization of local operators 

In our regularization method, we will deal with operators such as the b ghost which 
involve singular-looking expressions like 

1 

with Z < 11. It is important to show that correlation functions of such operators are finite in 
the pure spinor /?7 system. To this end we shall produce now a Q-invariant regularization, 
which does not change the Q-cohomology class of an operator, while making it explicitly 
non-singular. 

The idea of this regularization can be first explained in the example of quantum 
mechanics, where we do not deal with the issue of Q-invariance. So let us first study 
the quantum mechanics of a particle with zero Hamiltonian in a phase space with the 
coordinates (pm, (f^) for m = 1 to d. Suppose we face the following problem: 

Let Oi{q) be a function which has a pole of order I at the point g = 0. Then, naively, 
the correlation function 

{Oi,Oi,...Oi^) = j dUOiMOiM---OiM (3-1) 

is singular when li + I2 + ■ ■ ■ + Ip > d. 

Now imagine adding the Hamiltonian e^A = €^ g^^PmPn where e is a constant. As 
long as the operators Oi^, (g) are separated and satisfy the individual conditions Ik < d, the 
smearing due to the heat kernel evolution will make them non-singular. Indeed, we have 
the heat kernel regularization of local operators: 

Oi{q) ^ OUq) = e^'^'Oiiq) = e-^'^"^^-^"©^?) (3.2) 

= / ^"-^ e-f^'^f-'^-Oiiq) = / d'^f e-f'Oi{q + ef) 

(47r)2 J (An) 2 J 

_ 1 
(47re2)^ 

where q' = q + ef. Note that in the above derivation, is assumed to be constant and 
the momenta pm are treated as operators. 



d' 



Oiiq') 
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Now, as long as I < d, the integral in (3.2) converges, and is non-singular at q = 0: 

C»/,,(?^0)oce-' <oo. (3.3) 

So the heat kernel regularization has "smeared out" the singularity of Oi{q) at g = 0. A 
similar regularization will be now proposed for observables on the pure spinor space such 
that 

0{X,X)^0,{X,X) = e''^0{X,X). (3.4) 

3.2. Regularization in pure spinor space 

Since Wa and w°' are the conjugate momenta to A" and X^, a naive guess for the 
Laplacian on pure spinor space is A = WaW°' . So the naive generalization of (3.2) to pure 
spinors is 

0,{X,X) = -^^-^ j d^^fd^^J e-^""^«e*^^^""'"+"^«^«^0(A, A) (3.5) 

= (i^/'"^'"^^"'"'"^^''''^ 

where A' = A + e/, A = A + e/, and and are pure spinors. However, since A' = X + ef 
is not necessarily a pure spinor, this definition needs to be modified. The problem is that 
Wa and mJ" are not gauge-invariant under (2.2) and (2.11), so their commutation relations 
with A" and Aq, are not well-defined. 

Gauge-invariant versions of Wa and ttJ" can be defined as 

Wa = {Xj)-\~{X^"^^w){^mnl)a ' ^(A«;)7j, (3.6) 

= ux)-\-\(x^-^^w){^^jr - |(A«;)r) 

where and f ^ are constant pure spinors. Using the identity 

= ^7^/57^ - ^(7'"")a"' (7^n)/ - \PJI (3.7) 

which can be proven by contracting both sides of (3.7) with 7^^, 7^^ or ^pq^sti one finds 
that 

{Xj)wa = ^(^7'"7)(7mA)a - ^(A7"^^«;)(7mn7)a - \{wX)fa. (3.8) 
So in the gauge w^'^f = w^'^f = 0, Wa = Wa and W"' = w°'. 
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Note that Wq, can be written more compactly as: 

Wa = \m-'-JX-') (3.9) 

where 

= j=7 (3.10) 

Although the global gauge-invariant differential operators on V are polynomials in Nmn 
and J, which act by "rotations" which preserve the point A = 0, the parameters of the 
"rotations" in (3.9) (3.10) are singular at A = 0, allowing the operators to shift the 
"bad" point A = in what follows. 
One can therefore define 

a(A, A) = ^ J d^'fd'l e-/"7«e-(/"^'^+7«^")0(A, A) (3.11) 

as a gauge-invariant version of (3.5). Although Wa of (3.6) needs to be normal-ordered, the 
normal-ordering ambiguity commutes with A" and therefore does not affect the definition 
of (3.11). Using the OPE's of N'^'' and J with A", Oe(AA) can be expressed as: 

a(A, A) = J d'^fd^'J e--^"^"0(A', a') (3.12) 

where _ 

y« = ^ief^Wfs.a ^xa, fa _ [(A + e/)7"^(A + e/)] (7^/)" 

4(A + 6/)/3/^ ' ^ - ' 

y ,^eJsW^l-- y ^,7 [(A + 67)7"^(A + 67)](7n./)a 

4(A + ef)(3fl^ 

Note that / d^^fd^^J denotes / nUif^JJ^ where O = ^ and O = are the holo- 
morphic and antiholomorphic top-forms on the space of pure spinors. As will be seen in 
the following subsection, the additional factor of (/"/q,)^ in the integration measure is 
absent in the BRST-invariant generalization of (3.12). 

It is easy to check that A' and a' of (3.13) are pure spinors satisfying X'^m^' = 
X^mX = 0. In fact, one way to derive (3.13) is to require that A' is a pure spinor and 
that A"* = A" + e/" + Cl'^i^mlT for some fi^. The additional term proportional to Cl"^ 
comes from the commutation relation 

[WaA^] =€- lil'^XU^^X-y. (3.14) 
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Another way to understand (3.13) is to use the parameterization 



A" = A+ (l, Uab, U[abUcd\) (3.15) 

of a pure spinor. Then, given two pure spinors, A and e/ = e/^ (l, (/)ab, <P[ab4'cd]) j one can 
construct the third one by taking 

A'« = (A+ + 6/+) • (3.16) 

where 

, X+Uab + ef + Cpab 

^-'^ = A+ + ef+ ■ ^^-'^^ 

This "addition of pure spinors" is equivalent to (3.13) for / = (1,0, 0). 

It will now be argued that Ce(A, A) in (3.12) is well-defined for all values of A if one 
assumes that C(A', a') ~ (A'a')~" where < n < 11. Firstly, note that when A" — > and 
Aa ~^ 0, (3.13) implies that A'" /" and \ a ^ f a- So as in the quantum-mechanical 
example, the regularization (!?(A, A) ^ (!?e(A, A) smears out the singularity of (9(A, A) at 
A = A = 0. Since 0(A, A) diverges slower than (AA)~^^, there are no singularites in Ce(A, A) 
when A = A = 0. 

Secondly, note that when (A + e/)^/^ — > 0, (3.13) implies that A' diverges. However, 
since 0{\', A ) ~ (A'A y for n > 0, C>e(A, A) remains finite when A' diverges. 

Finally, suppose that A is chosen such that A"* = e^^^'^^'^X'^ vanishes. For (3.12) to be 
well-defined, it is necessary that the measure factor d}^ fd}^ f converges faster than (A'a')" 
when A' ^ 0. It will be useful to consider separately the cases when A" = and when 
A" is non-zero. When A" = 0, (3.13) implies that A' = e/. So d^^fd^^J = e'^^ d^^ X' d^^x' , 
which converges as (A'a')-^-*^ near A' = 0. When A" is non-zero, one can choose a Lorentz 
frame in which A""" is non-zero and Uab = in (3.15). Using the parameterization of (3.16), 
A'" implies that (A+ + e/"*") — > with u'^^^ held fixed. Since (3.17) implies that 
(pab (A+ + e/+)^, one finds that d^^fd^^J converges like |A+ + e/+|22 when A"* ^ 0, 
which is fast enough to cancel the (A'a')"*^ divergence if n < 11. 
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3.3. BRST-invariant regulator 

To make the regularization method of (3.11) BRST-invariant, it is convenient to in- 
troduce constant bosonic pure spinors and f^, and constant constrained fermions 
and g^, satisfying 

9i'^f = o, gi'^l^o, fi"'f = o, ll'^l = 0, (3.18) 

and to define [/", f cci9°'i9a\ transform under BRST transformations as 

[Q,r]=0, [QjJ=^«, {Q,^"} = r, {Q,^J=0. (3.19) 

The constraints of (3.18) imply that (7" and 'g^ each have eleven independent 

components. 

Geometrically, the Q-operator (3.19) can be identified with the operator 

d + iE 

acting on the space Q,*''{V) of all differential forms on the space of pure spinors. Here 
E = is the holomorphic Euler vector field. The familiar U{1) action on V is generated 
by the vector field U = —i{E — E). In this picture (7" = d/", 'g^ = df^. The operator 
(3.19) can be viewed as a "half" of the U (1) equivariant differential d + lu Q + Q. 
We have 

Q(7a^")=7ar+^a^" 

which is the C/(l)-equivariant symplectic form on V. Furthermore, if one defines 

= (A7)-i QiV^n(7'""7)a - IjJo^ , (3.20) 

one finds that 

[Q,Wa.] = (A7)-l Q(A7mnrf)(7""7)a + \{Xd)7^ + ^iV^n(7""^)a - ^^^a) ' j^y^^a, 

(3.21) 

{Q,V-} = (/A)-i QiV"^"(7"^V)'^ - \jr^ - ^^V^ ■ 
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Up to terms involving fermions, it is easy to verify that f^Wa + fa^a = Qid'^Wa + 
faV°')- Therefore, a BRST-invariant generahzation of (3.11) is 

a(A, A) = J d"/d"7dii^dii^ e-(^«/"+^«5")e^^'3(5"w^«+7.^")0(A, A) , (3.22) 

or, in a more concise way: 

a(A, A) = / e-7«^"+'^7«^'^/"e-Q('^/"^«+7«^")0(A, A) . (3.23) 
Jv 

The integration measure in (3.23) is defined by simply expanding the exponential until 
the top degree form, i.e. the 22-form, is produced. So in the BRST-invariant version of 
Oe(A, A), the integration measure is simply ililSE where 



n=—f, n=^, ^ = fd^^g, E = fd^^g, (3.24) 



are the top degree forms. 

As before, one can show that Ce(A, A) is well-defined at A = A = as long as 0(A, A) 
diverges slower than (AA)"-*^-*^. And since 0^ = + {Q,Xe} for some Xei BRST-invariant 
amplitudes involving Oe will be independent of the parameter e. 

3.4. Regularized b ghost 

The regularization method of (3.22) is easily generalized to the worldsheet operator 
b{z) of (2.25) by defining 

b,{y) = J d^^fd^^Jd^^gd^^g e-(7„/"+I„9") i,'(^y^ (^3.25) 

where 

^(^y^ _ g»e{Q. 9 § dzU{z)+J j dzV{z)} ^^-^-j g-*e{Q, g § dzU{z)+J j dzV{z)} ^-g 

Ua{z) and V°'{z) are the holomorphic currents defined in (3.20), and the contour integrals 
in (3.26) go around the point y. 

Since be{y) = b{y) + {Q , Xe{y)] for some Xe{y), {Q,be{y)} = T{y) and BRST-invariant 
scattering amplitudes are independent of the value of e. Furthermore, since b{y) diverges 
slower than (AA)~^^, 6e(2/) has no singularities at X{y) = X{y) = 0. 
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4. Multiloop Amplitude Prescription 



Substituting the regularized be ghost of (3.25) for the b ghost, the A'^-point ^r-loop 
amphtude prescription of [4] becomes 



where is the same regulator for the zero modes as defined in (2.28). For non-zero e, the 
functional integral is well-defined and, since b^ = b + {Q , Xe} for some Xej the amplitude 
prescription is independent of e up to possible surface terms. So one is free to take the 
limit e after performing the functional integral. 

In the multiloop amplitude prescription of (4.1), the functional integral is vanishing 
unless the integrand contributes 16 9 zero modes for open superstrings, or 32 9 zero modes 
for closed Type II superstrings. Since the b^ ghost is manifestly spacetime supersymmetric, 
these 9 zero modes can only come either from superfields in the external vertex operators 
Ur or from the e"*^'^^"'"''^^ term in the zero mode regulator Af of (2.28). 

To evaluate (4.1), it is useful to separate the correlation function into two types of 
terms: terms in which at least one 9 zero mode comes from the zero mode regulator jV, 
and terms in which none of the 9 zero modes come from the zero mode regulator. As will 
now be explained, the first type of terms can contribute to F-terms in the ten-dimensional 
effective action and are easier to evaluate since they do not require e-regularization. The 
second type of terms are more complicated to evaluate, however, it will be shown that they 
only contribute near the region A = A = 0. 

4.1. Ten-dimensional F-terms 

Although one does not know how to construct off-shell D=10 superspace actions, 
one can construct higher-derivative D=10 superspace actions which are functions of on- 
shell linearized superfields. Ten- dimensional F-terms are defined as manifestly gauge- 
invariant terms in the superspace effective action which cannot be written as integrals 
over the maximum number of ^'s. In the massless vertex operator for open superstrings, 
the gauge-invariant superfield of lowest dimension is W'^{x,9) whose lowest component is 
the gluino of dimension |. Since N=l D=10 superspace contains 16 ^'s, any term in the 
superspace action involving M superfields W"' which is integrated over the full superspace 
has dimension > {M + 16)/2. Therefore, any term in the N=l D=10 superspace action 



A = 



lim 

€^0 



d^'-^T ( n ( / dWjt^jiWj)be{Wj)) II I dZrUriZr) Af\ (4.1) 
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involving M field-strengths which has dimension less than (M + 16)/2 is necessarily an 
N=l D=10 F-term. 

In the massless vertex operator for closed Type II superstrings, the gauge-invariant 
superfield of lowest dimension is W°'f^{x,9,9) whose lowest component is the Ramond- 
Ramond field strength of dimension 1. Note that the dilaton and axion are dimension 
zero fields, but they always appear with derivatives in the massless vertex operator. Since 
N=2 D=10 superspace contains 32 ^'s, any term in the superspace action involving M 
superfields W^^ which is integrated over the full superspace has dimension > (M + 16). 
Therefore, any term in the N=2 D=10 superspace action involving M field-strengths which 
has dimension less than {M + 16) is necessarily an N=2 D=10 F-term. For example, since 
the curvature tensor Rmnpq has dimension 2, the term 



in the Type II effective action is an N=2 D=10 F-term if L + 2M < M + 16, i.e. if 
L + M < 16. 

If all 9 zero modes come from superfields in the external vertex operators in (4.1), 
the resulting term in the superspace effective action is expressed as an integral over the 
maximum number of ^'s and therefore does not contribute to F-terms. However, if any 
of the 9 zero modes come from jV, the resulting term in the superspace effective action 
is expressed as an integral over a subset of the ^'s. Although this does not automatically 
imply that it is an F-term (since it may be possible to rewrite the expression as an integral 
over all the ^'s), it might contribute to F-terms. 

So any term in the scattering amplitude which contributes to an F-term in the effective 
action must receive at least one 9 zero mode from M . It will now be shown that any such 
term diverges slower than (AA)~^^ and therefore does not require e-regularization of the h 
ghost. 

To show that terms receiving 9 zero modes from H do not require e-regularization, 
first note that BRST invariance implies that the 6"^"^^+^^) term in J\f can be modified to 
g-p(AA-i-r6i) £qj. g^j^y positive p. Because 




(4.2) 



^-piXX+rO) ^ ^{Q,-peX} ^ ^ ^ ig^^^l 



(4.3) 



for some ^p, BRST-invariant ampitudes are independent of the value of p. 
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Suppose one computes the amplitude {F{X, A) jV) where F(A, A) is some BRST- 
invariant operator. Then p-independence imphes that the {—p9r)^ terms in 



can only contribute to (-F(A, A) N) if / d^UcZ^^A F(A, A) e"^^^ has poles in p. But this 
implies that F(A, A) diverges slower than (AA)"^-*^ since 

j d^^\d}^\ (AA)-' e-P^'^ oc p'-". (4.4) 

So 6 zero modes in J\f can only contribute to {F{\, A) N) if -F'(A, A) diverges slower than 
(AA)~^^, which implies that e-regularization is unnecessary. So any term which receives 
6 zero modes from N can be evaluated by directly setting e = before performing the 
correlation function. 



4.2. Terms requiring e-regularization 



For terms in which all 9 zero modes come from the vertex operators, p-independence 
of the amplitude implies that (4.4) cannot have poles in p, so / > 11. Therefore, 
j d}^\d^^\ (AA)~' diverges and e-regularization of the h ghost is necessary. Although the 
computation of these terms is complicated, integration over the non-minimal fermions 
will imply that the only contribution to these terms comes from the region near A = A = 0. 

To show that the only contribution come from the region near A = A = 0, first note 
that the unregularized h ghost of (2.25) commutes with the conserved charges 



j> dz{raS°' — X°'wa) and ^ dzXas"'. 



(4.5) 



In other words, all terms in the unregularized b ghost have r-charge opposite to their A- 
charge, and are invariant under the shift Sva = cXa for constant c. Furthermore, since 
(4.4) has no poles in p, p-independence implies that one can directly set p = in jV so 
that 



^fp=o = exp ^ 



2 mn 



S' A"d£ 



• (4.6) 
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One can check that (4.6) also commutes with (4.5), so if the vertex operators Ur are chosen 
to be independent of the non- minimal variables, the unregularized integrand 

33-3 N 

H b{Ws)l[Ur{Zr)Afp=0 (4.7) 

s=l r=l 

commutes with the charges of (4.5). 

This implies that before performing e-regularization of these terms, the integrand of 
(4.1) has the form 

(AA)ii+^ ^^-^^ 

fc>0 ^ ^ 

where - a^-g operators which carry zero A-charge and zero r-charge, and which 

satisfy Aa,cJ"^-''"+'^ =0. 

Since has eleven zero modes, at least k of the (11 + k) r's in (4.8) must contribute 
non-zero modes. Furthermore, when A; = 0, at least one of the eleven r's in (4.8) must 
contribute a non-zero mode because of the invariance under dra = cXa- So for the corre- 
lation function to be non-vanishing, terms coming from the e-regularization must provide 
non-zero modes of which can contract with these non-zero modes of Tq,. 

These non-zero modes can come from of (3.20) through the regularization factor 
g«e3a § dzV which means that each non-zero mode comes multiplied by a factor of 

e. So these terms vanish in the limit e ^ 0, except near A = A = where e-regularization 
can produce poles in e. Therefore, to evaluate terms in which all 6 zero modes come from 
vertex operators, one only needs to evaluate the functional integral J d^^Xd^^X near the 
point A = A = 0. It might be possible to explicitly evaluate the contributions of these 
delta functions at A = A = 0, however, this will not be attempted here. 
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